oo 

o 
o 



^ 



> 



OO 

o 



X 



c^ 



Quantum decay cannot be completely reversed. The 5% rule. 
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Abstract 

Using an exactly solvable model of the Wigner-Weisskopf atom it is shown that an unstable quantum state 
cannot be recovered completely by the procedure involving detection of the decay products followed by creation 
of the time reversed decay products state, as proposed in [Tj. The universal lower bound on the recovery error 
is approximately equal to 5% of the error per cycle - the dimensionless parameter characterizing decay process 
in the Markovian approximation. This result has consequences for the efficiency of quantum error correction 
procedures which are based on syndrome measurements and corrective operations. 



One of the most discussed problems in physics is the origin of macroscopic irreversibility despite the microscopic 

(~| , reversibility of (almost) all known laws of Physics. The standard explanation relies on the unavoidable loss of 

CIh' information about correlations between microscopic constituents of a macroscopic system. On the other hand, 

it seems, that for a small quantum system there are no fundamental obstacles to recreate its initial state with 

C ' an arbitrarily high fidelity. Consider, as an example, the spontaneous emission from a two-level atom at zero 

temperature which is a paradigmatic irreversible process. The first method of the initial state recovery for the 

^H' excited atom in vacuum is to put the atom into an optical cavity. Then due to Poincare recurrences the emitted 

photon is reabsorbed and one observes a sequence of revivals of the initial state [2]- Obviously, the revivals are 

not perfect, because the cavity is not an ideally isolated system and dissipates energy to the external world. The 

ultimate presence of the external world can be always modeled by considering the spontaneous emission process 

^s, ' in an infinite space. In this setting one can again try to recover the initial state by performing a measurement 

^^ . which detects the emitted photon and then sending a properly designed single-photon state which corresponds to 

^^O • the time- reversed emitted wave-packet. An ingenious experiment reahzing this idea has been proposed in |l]. The 

question arises whether in principle and under ideal conditions the initial state can be recovered with the fidelity 

t^^ ' arbitrarily close to one. I am going to show that this is not the case. 

^^ , Consider a model of the Wigner-Weisskopf atom (for the rigorous analysis of this model, see [3]) with the Hilbert 

space spanned by a single vector |e) corresponding to the initial excited state of the atom + the vacuum state of 
the field and the manifold of single photon states (wave packets) {\4>)} representing the ground state of the atom 
+ emitted photon. The final result does not depend on the detailed structure of the decay product's (photon's) 
Hilbert space, only continuity of its energy spectrum matters. Hence, for brevity, I can treat the wave packet as a 
\^ ' function of the angular frequency (or energy) only, (I){lu),uj > 0, and the Hamiltonian can be written as {h = 1) 



H = Ho + V , Ho\e) = c^o|e) , Hocf>{uj) = ujcj,{cu) , V = \e){g\ + \g){e\ (1) 

with the form-factor g{uj) describing the localized coupling of the atom to the field. After detection of the emitted 
photon followed by the creation of the designed wave packet ip, say at time ig = 0, the system evolves according to 
the full Hamiltonian H yielding after time t the state 

|*(t)} = e-'^*|^} = e-'"'e'"°'\ij) (2) 

which should be as close as possible to the initial state |e). Here the wave packet ip has been written in the form 
gjffo*^ . This is always mathematically possible and has a physical meaning as for longer arrival times t one needs 
wave packets created far away from the atom. This is achieved by shifting "back in time" by the free dynamics the 
packet V" localized in the neighborhood of the atom. The continuous spectrum of a photon in an infinite space and 
the locaHzed character of the atom-photon interaction impHes the convergence 

lim e-'"'e'"°'\ij) = W\iP) (3) 



where W is the M0ller wave operator. The convergence is fast on the time scale corresponding to the scattering 
time and therefore in the considered situation one can replace W{t) — e~*^*e*^°* by W. Using the identity 



W{t) = l-i W{s){e-"^"'\e){gs\ + h.c.)ds (4) 

Jo 

one can compute the probability amplitude for the recovery process with the initial packet tfj 

/>oo 

i?(V) = {e\W\tP) = -z / {e\e-'"'\e){gs\i;)ds = (0o|V^) (5) 

Jo 

where (j>o is given by 

(j)o{ijj)=in e''^'{e\e-'"'\e)dt^g{uj)=iS{-iLo + {))g{Lo) . (6) 

The Laplace transform S{z) of the survival amplitude S{t) — (e|e^'^*|e) can be easily computed. Introducing two 
functions F{t) = {e\W{t)\e) = S{t)e~'-'^°^ and G{t) = {e\W{t)\gt) one obtains from ^ the coupled equations 



F{t) ^l-i I G{s)e''^'>'ds , G{t) = -i I F{s)e-"^"'M{t 
Jo Jo 



- s)ds (7) 



with M{t) — {g\gt)- The equations ([7]) are solved by the Laplace transform and yield 

H^) = ^.r! . , ■ (8) 

z + M [z — IUJq) 

This allows to compute S{—iuj + 0) = [i{uj — ojq) + 7(cj)]^^ with the frequency dependent decay rate 

7H = ^|5H|2. (9) 

A standard renormalization of the frequency ujq has been also performed. The fidelity of the recovery process 
^(^) = |it!('(/')p is maximal for the choice ip = 0o/||0o|| and is given by the exact expression 

r^a. = \\4>0r--r , ^t^'" . .. < 1 . (10) 



TTJo (tJ-Wo)2 +7(w)2 

In the weak coupling Markovian approximation one can replace in (fTO| 7(0;) by 7 = 7(^0) «^o to obtain (fTTI) 

■J max — // ^9l9— If \-? ~ ' V^ / 

The presented model, although simplified, captures all essential features of the decay process into open space, or 
in other words with decay products having continuous energy spectrum. The exact formula lfTO|) and its Markovian 
approximation Ijlip are universal, at least in the leading Born approximation which happens to be exact for the 
Wigner-Weisskopf model. An even more universal form can be obtained introducing two dimensionless quantities: 
the error per cycle given by 77 = 7r = 2Trj/ujo, wq = 27r/r and the minimal error of recovery emin = 1 ^ Fmax- 
Hence ifTTj) is equivalent to 

Cmin = TT^V ~ 0.0577 . (12) 

Another relation can be obtained for the scheme of many measurement and correction cycles. To preserve the initial 
excited state during the time t one needs, on the average, n — "ft measurements followed by corrective operations. 
Then the fidelity of the initial state under perfect conditions (perfect measurement and wave packet preparation) 

is given by 

r 1 "/ 1 " J. / 

T{t) =1 ^ ~ e-rk„..t/r Q3^ 

L ttwqJ 
r],orr ^ 0.05?7" (14) 



where 

2 



can be called a corrected error per cycle. 

Heuristically, the bound ifT2|) can be seen as a manifestation of the following thesis: 



An unstable quantum state cannot be prepared with the probability equal to 1, the deviation from 1 is always of 
the order of 

hT , , 

where E is the energy scale used to separate the unstable state from the other states of the system and T is the decay 
rate of this state. 

The above statement is a simple consequence of the Heisenberg relation for energy and time. If a given state 
differs from the others by the energy E we need at least time T of the order h/E to perform the measurement which 
can separate this state. The same relation ET ~ h holds for the time T needed to "rotate" a system from a known 
stable state (ground state) to an orthogonal unstable one using the energy level splitting -E [4]. In both cases, due 
to irreversible processes the loss of fidelity during time T is of the order of TT ~ HT/E. 

For physical realizations of the spontaneous emission process the values of lfT2|l , (fT4|) are too small to be reached 
experimentally, for instance, using the ideas of [l]. However, the bounds (fT2|) . ^^ have some fundamental meaning 
for the theory of quantum error correction, an important issue in quantum information processing fSJ. The active 
error correction relies on the measurement of a syndrome which determines whether a qubit has been corrupted by 
noise. Then the error is reversed by applying the corrective operation based on the syndrome. For the discussed 
model of the state recovery the photon's detection corresponds to the measurement of a syndrome and creation of 
the optimally designed single-photon wave packet is the corrective operation. The parameter rj is called an error 
per gate in the context of quantum information processing. As the presented model is paradigmatic for quantum 
irreversible processes and, moreover, unlimited resources like perfect measurement and perfect state preparation 
are used in the recovery process, I claim that the 5% rules l|12p . (fT4l) provide relevant bounds on the efficiency of 
any active measurement based error correction procedure. In order to compare this result with those based on error 
correcting codes and active error correction the distinction between error correction and error prevention should be 
made. Any error correction scheme can be described in terms of subsystems [6j, such that the protected encoded 
qubit corresponds to a certain 2-level subsystem and the other degrees of freedom can be treated as a part of an 
environment. To obtain an arbitrarily high level of protection we have to use self-correcting systems which reduce 
the effective coupling of the encoded qubit to environment fast enough with the increasing size of the code. It 
follows from the fact that, as shown above, the active part of an error correction scheme gives only a universally 
bounded reduction of error independent of the details of correction procedures. This provides another argument 
that the existence or nonexistence of self-correcting quantum memory is a fundamental question for the feasibility 
of fault-tolerant quantum information processing [HIH]. 
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